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Abstract 

We present the notion of temporal Lorentzian spectral triple which is an exten- 
t—I \ sion of the notion of pseudo-Riemannian spectral triple with a way to ensure 
O j that the signature of the metric is Lorentzian. A temporal Lorentzian spectral 

triple corresponds to a specific 3+1 decomposition of a possibly noncommu- 
tative Lorentzian space. This structure introduces a notion of global time in 
noncommutative geometry. As an example, we construct a noncommutative 
Minkowsky spacetime with the use of a degenerate Moyal product. 
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1. Introduction 

The existence of noncommutative geometry comes from the duality exist- 
ing between algebra and geometry. Thanks to the Gel'fand-Naimark theorem, 
we know that unital commutative C* -algebras are equivalent in the category- 
theoretic sense to algebras of continuous functions on compact Hausdorff spaces. 
A similar result is valid for noncompact Hausdorff spaces being equivalent to 
nonunital commutative algebras. The extension of this duality to noncommu- 
tative C*-algebras opens the way to the definition of noncommutative spaces. 

Behind those topological considerations, some metric information can be 
added by using Alain Connes' notion of spectral triples [H 0, A spectral 
triple (A,'H 1 D) is composed of a Hilbert space H, a unital pre-C*-algebra A 
with a representation as bounded multiplicative operators on H and a self- 
adjoint operator D densely defined on H with compact resolvent and such that 
all commutators [D, a] are bounded for every a € A. H acts as a base, A 
encodes the topological information of the corresponding geometrical space and 
D encodes the information on the metric. Additional axioms can be added as 
an even condition with the existence of a Z2-grading 7 or a reality condition 
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with the existence of an antilinear isometry J : H — > H 7 both respecting some 
suitable commutation conditions. Finally, a spectral triple is said rt + -summablc 
if there exists a positive integer n such that the resolvent of D has ordered 
singular values \ik = 0(k~ n ). In this case, D~ n G C 1+ (the space of compact 

operators with finite partial sums supjv >3 ^2^ = q faN < 00 ) an< ^ P * s ^ ne me tric 
dimension of the spectral triple. 

Correspondence with Riemannian geometry is given in the commutative case 
by the so called reconstruction theorem 0, H| . For every n-dimensional compact 
Riemannian spin-manifold, a spectral triple can be constructed by taking the 
Hilbert space T-L = L 2 (A4 , S) of square integrable spinor sections over A4 , the 
unital pre-C*-algebra A = C°°(A4) and the Dirac operator D — -i(co V s ), 
where c represents the Clifford action. This spectral triple has metric dimension 
n. If n is even, then the spectral triple is even by taking the chirality element 
7 = 7 1 . . . 7 n as a Z2-grading, with the Dirac matrix 7^ = cidx^). An antilinear 
isometry J giving a real structure is known as a charge conjugation operator. 
The reconstruction theorem states that every commutative unital spectral triple 
corresponds to an existing compact Riemannian spin-manifold. 

Information on the differential structure can be extracted in different ways. 
A noncommutative differential algebra can be constructed with elements of the 
form a Q [D,ai] ■ ■ ■ [D,a p ], with clq ■ ■ ■ a p G A. For every finitely summable 
spectral triple, we have a noncommutative integral^ a\D\ n = ti u (a\D\ n ) 
for every a G A. A notion of distance between two states d(£, rj) is defined 
as sup (|£(a) — 77(a) I : a G A, || [D, a]|| < l}. Those concepts correspond to the 
usual geometrical ones when the spectral triple is constructed from a Rieman- 
nian spin-manifold. 

One main goal of Connes' noncommutative geometry is to provide a new 
mathematical background which would be suitable to describe both gravitation 
(represented by pseudo-Riemannian geometry) and the standard model (repre- 
sented by a nonabelian gauge theory). Such background is given by a product of 
two spectral triples, in a similar way as a Kaluza-Klein theory. The first one is 
commutative and continuous 4-dimensional, representing Euclidean gravitation 
(Euclidean in the sense of positive signature), and the second one is noncom- 
mutative and discrete, representing a (still classical) standard model [H, Q . 

At this time, the theory of spectral triples is only completely defined for 
compact spaces (with unital algebras) and with positive signature for the met- 
ric. However, this does not correspond to physical reality. Noncommutative 
geometry is only at this stage a nice mathematical tool with no possible real- 
istic physical prediction, at least for the gravitation part. Some extensions to 
noncompact spaces have been done 0, H| and result mainly in (sometimes huge) 
technical additional difficulties. However the extension to Lorentzian spaces of 
the notion of spectral triple is far for being done, despite first results or partial 
propositions [| M, EI EE 0, Q H G1 

whose some of them have never been 

pursued. 

In this paper we present a new way to construct Lorentzian spectral triples, 
starting from the interesting proposition by A. Strohmaier 14j on building 
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pseudo-Riemannian spectral triples based on Krein spaces. We show that it is 
possible to construct a spectral triple representing a (possibly noncommutative) 
globally hyperbolic Lorentzian manifold with a specific "3+1" decomposition 
and with the highlight of a specific element of the algebra representing a global 
time. Such construction called temporal Lorentzian spectral triple contains a 
way, based on the Dirac operator and on the chosen temporal element, to en- 
sure that the signature of the metric corresponds to a Lorentzian space. The 
algebra is constructed as a filtration in order to contain causal functions which 
are essential to recover information on causality or on Lorentzian distance. 

In Section[2]we recall basic notions about Krein spaces and pseudo-Riemannian 
spectral triples. In Section[3]we present the construction of a temporal Lorentzian 
spectral triple from a Lorentzian manifold in the commutative case and we sug- 
gest a set of axioms for the extension to the noncommutative case. In Section|4] 
we present an example of noncommutative temporal Lorentzian spectral triple 
as the degenerate Moyal Minkowski spacetime. 



2. Krein spaces and Pseudo-Riemannian Spectral Triples 

We start with a review of the tools introduced by A. Strohmaier in order to 
adapt the construction of spectral triples to pseudo-Riemannian manifolds. We 
will just be interested here in the results and we refer to [3] for the different 
proofs. Elements about Dirac operators in pseudo-Riemannian geometry can 



also be found in [171 uM ■ 

A pseudo-Riemannian spectral triple is, in the same way as a Riemannian 
spectral triple, a triple (A,V.,D) which corresponds in the commutative case 
to the algebra A = C§° (A4 ) of smooth functions vanishing at infinity over a 
pseudo-Riemannian spin manifold M. of signature (p, q) (with q > 1), to the 
Hilbert space % consisting of square integrable sections of the spinor bundle over 
A4 and on which there exists a representation of A as multiplicative bounded 
operators, and to the Dirac operator D = —i(co V s ) acting on the space %. 

The Hilbert space "H is endowed with the positive definite Hermitian struc- 
ture 

= / 1p*<j)dfJ,g 

J M 



where d[i g = \/|det g\ d n x is the pseudo-Riemannian density on M.. 

However, this structure does not admit any Dirac self-adjoint operator. In- 
stead, a Dirac operator is an essentially Krein-self-adjoint operator if we trans- 
form % into a Krein space (l9j . 

Definition 1. An indefinite inner product on a vector space V is a map 
VxF^C which satisfies: 



(v, Xwi + nw 2 ) = X(v, wi) + fi(v, w 2 ), {v, w) = (w, v). 
An indefinite inner product is nondegenerate if 

(v,w)=0 Mv eV =*> W = 0. 
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Let us suppose that V can be written as the direct sum of two orthogonal 
spaces V — V + © V~ such that the inner product is positive definite on V + and 
negative definite on V~ . Then the two spaces V + and V~ are two pre-Hilbert 
spaces by the induced inner product (with a multiplication by —1 on the inner 
product for the second one). 

Definition 2. If the two subspaces V + and V~ arc complete in the norm 
induced on them and if the indefinite inner product on V is nondegenerate, 
then the space V = V + © V~ is called a Krein space. The indefinite inner 
product is called a Krein inner product. 

Definition 3. For every decomposition V = V + © V~ the operator J = idy+ffi 
— idy- respecting the property J 2 = 1 is called a fundamental symmetry. Such 
operator defines a positive definite inner product (called the J'-product) on V 
by(-,-)j = (-,J-). 

Each fundamental symmetry of a Krein space V defines a Hilbert space 
structure, and two norms associated with two different fundamental symmetries 
are equivalent. So it is natural to defined the space of bounded operators as the 
space of bounded operators on the Hilbert space defined for any fundamental 
symmetry. 

Definition 4. If A is a densely defined linear operator on V, the Krein-adjoint 
A + of A is the adjoint operator defined for the Krein inner product ( • , • ). An 
operator A is called Krein-self-adjoint if A = A + . 

Of course, for any fundamental symmetry J we can define an adjoint A* 
for the J"-product (-, - In this case, the Krein-adjoint is related to it by 
A + = J A* J, and an operator A is Krein-self-adjoint if and only if J A or A J 
are self-adjoint for the jT-product. 

Now the question is how we could define a Krein space structure from a 
spin manifold with pseudo-Riemannian metric. This is done by using spacelike 
reflections. 

Definition 5. A spacelike reflection r is an automorphism of the vector bundle 
TM such that: 

• 9(r ■ ,r ■ ) = g{ ■ , ■ ) 

• r 2 = id 

• 9 r ( ' j ' ) — ( ' i r ' ) i s a positive definite metric on TM 

It is clear that, for every pseudo-Riemannian metric of signature (p, q), the 
tangent bundle can be split into an orthogonal direct sum TAi = TM. P + © TM. q _ 
where the metric is positive definite on the p-dimensional bundle TM P + and neg- 
ative on the g-dimensional bundle TM 9 _, and so a spacelikc reflection is auto- 
matically associated by defining r(v + \ x © V-\ x ) = v + y x © — V—\ x . This splitting 
is transposed to the cotangent bundle TM* — TM*/ © TM*J by isomorphism. 
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Proposition 6. For each spacelike reflection r, there is an associated funda- 
mental symmetry J r defined from the Clifford action c on a local oriented or- 
thonormal basis {ei, e^, ■ ■ ■ , e q } of TAi*J by: 



c(ei)c(e 2 ) ■ ..c{e q ) 



2 



= I 



1 



This definition is independent of the choice of the local basis. With such 
fundamental symmetry, the space T-L of square integrable sections of the spinor 
bundle becomes a Krein space endowed with the indefinite inner product 



Actually, this operation is similar to a Wick rotation, but performed at an 
algebraic level. 

In the special case of a 4-dimensional Lorentzian manifold, with signature 
(—,+,+,+) and with local coordinates (x° ) , a fundamental symmetry 

is just given by J — ij° — ic(dx )^ 

We have then the following result concerning the Dirac operator: 

Proposition 7. If there exists a spacelike reflection such that the Riemannian 
metric g r associated is complete, then the Dirac operator D is essentially Krein- 
self-adjoint. In particular, if M is compact, then D is always essentially Krein- 
self-adjoint. 

From all these properties, we can introduce the definition of a pseudo- 
Riemannian spectral triple: 

Definition 8. A pseudo-Riemannian Spectral Triple (A,H,D) is the data of: 

• A Krein space T-L 

• A pre-C*-algebra A with a representation as bounded multiplicative op- 
erators on % and such that a* = a + 

• A Krein-self-adjoint operator D densely defined on H such that all com- 
mutators [D, a] are bounded for every a A 

In addition, it is natural to assume the existence of a fundamental symmetry 
J which commutes with all elements in A. In this case, A becomes a subalgebra 
of B(H) and the involution a* corresponds to the adjoint for the Hilbert space 
defined by J. 

We can define an even condition and a real condition for pseudo-Riemannian 
spectral triples in a similar way as usual spectral triples. The condition on 



1 With this choice of signature, the Dirac matrix 7 is such that (7 ) = —1 and (7 )* = 
— 7°, so J = 27° respects the conditions of a fundamental symmetry. The other Dirac matrix 
respect (7 1 ) 2 = 1 and (7 1 )* = 7* for i = 1,2,3. 
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the boundedness of every commutator [D, a] allows us to construct a sim- 
ilar noncommutative differential algebra generated by elements of the form 
a [D,ai] • ■ • [D,a p ]. 

The 7i + -summable condition is however a bit different. Indeed, in the com- 
mutative Riemannian case, the Dirac operator D is elliptic. This is not the 
case for Lorentzian geometry since its principal symbol satisfies the relation 
<j D (£) 2 = c 2 (£) = with g the Lorentzian metric, and so it is not invert- 

ible any more. To obtain a differential elliptic operator of order 1, we define 

with [Dfj = DD — being the formally square of D under the fundamental 
symmetry J. This operator is elliptic of order 1 since a Aj (£) 2 = g r and 
is self-adjoint for the ^-product, so we can consider the rate of decay of its 
inverse modulo smoothing operation. 

Definition 9. A pseudo-Riemannian spectral triple is n + -summable if there 
exists a positive integer n such that a Aj" e C 1+ for all a E A. 

One can check that this definition is independent of the choice of the funda- 
mental symmetry J . 



3. Temporal Lorentzian Spectral Triples 

We present here the construction of some axioms for spectral triples cor- 
responding to noncompact Lorentzian manifolds. The definition of temporal 
Lorentzian spectral triples is presented as a working basis, since the set of ax- 
ioms is not fixed and could evolve to include more properties. 

We start by some considerations about the construction of the algebra. For 
a noncompact manifold, the dual algebra for Gel'fand theory is the nonunital 
algebra Co(Ai) of continuous functions vanishing at infinity. The noncompact- 
ness of the manifold is mandatory in order to have a causal structure. Indeed, 
for a Lorentzian manifold, compactness implies the existence of points which 
are in the future of themselves 0, HH, which is not physically realistic. 

However, the algebra Cq(M.) is not sufficient for a Lorentzian spectral triple 
since it does not contain any continuously growing function. One key element 
about causality in noncommutative geometry is the set of causal functions, 
which are real- valued functions that do not decrease along every causal future- 
directed curve. Those causal functions are used in order to give information 
about partial-order and causality [Hf. The different attempts to construct a 



Lorentzian distance function use the set of causal functions 23, 24, 25, 26] with 
an additional constraint on the minimum growth along causal future-directed 
curve like g(V/, V/) < — 1. Furthermore, time functions are particular cases of 
causal functions, and of course does not belong to the algebra C (M). So we 
want to construct an algebra which could contain unbounded causal functions 
in order to keep information about time, Lorentzian distance and causality. 
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However, in this case, the supremum norm (and a fortiori L p norms) cannot be 
used to define a Banach algebra. 

We begin by a review of the common algebras of functions on a noncom- 
pact manifold M.. We will consider involutive algebras, since the real- valued 
functions can always be recovered by taking the Hermitian elements. We can 
extract different ones, given by inclusion order: 

• The algebra C C (A4) of continuous functions with compact support, which 
is a C*-algebra with the supremum norm 

• The algebra Cq(M) of continuous functions vanishing at infinity, which is 
a C* -algebra with the supremum norm 

• The algebra Cb(Ai) of continuous bounded functions, which is a unital 
C* -algebra with the supremum norm 

• The algebra C(Ai) of continuous functions, which is unital and contains 
unbounded elements 

Each of these algebras can be restricted to its dense subalgebra of smooth 
functions. In the smooth case, we can also mention the algebra of Schwartz 
functions S(M) (with all derivatives rapidly decreasing). In the compact case, 
all those algebras are equivalent, and the Gel'fand-Naimark theorem can be 
applied. In the noncompact case, the Gel'fand-Naimark theorem can only be 
applied on the C* -algebra Cq(A4) if we want to recover the noncompact space 
M. 

We can notice that the C*-algebra Cq(A4) is an ideal of the unital C*-algebra 
Cb(M), but is not an ideal of the unital algebra C(M) (actually, C C (M) is an 
ideal of C(M)). The algebras Cq(M.) and Ch(M) are in relationship with each 
other, with the notion of multiplier algebra [271 ]. 

Definition 10. Let A be a C*-algebra. An ideal I C A is said to be essential 
if / has non-zero intersection with every non-zero ideal of A. 

Definition 11. Let A be a non- unital C*-algebra. The multiplier algebra 
A1(A) is the C*-algebra, unique up to isomorphism, which is the largest unital 
C*-algebra that contains A as a two-sided essential ideal, largest in the sense 
that any other such algebra can be embedded in it. 

The norm on the multiplier algebra M(A) is usually the operator norm, 
since M(A) can be seen as an algebra of bounded multiplicative operators on A 
(hence its name). Since the C*-algebra A is itself (by use of a representation) a 
normed algebra of bounded multiplicative operators on some Hilbert space H, 
both norms are equivalent, and the multiplier algebra M(A) has a representation 
as bounded multiplicative operators on H, with A as a two-sided essential ideal. 
The multiplier algebra is usually defined for complete algebras, but we can easily 
extend the concept to pre-C*-algebra (in this case the multiplier is only a unital 
pre-C*-algebra, whose closure corresponds to the multiplier of the closure of the 
algebra). 
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Definition 12. The Stone-Cech compactification j3X of a topological space 
X is the largest compact HausdorfT space generated by X, with a continuous 
map i : X —> (3X, largest in the sense that, for any compact HausdorfT space 
Y and any continuous map / : X Y, there exists a unique continuous map 
g : fiX — > Y such that / = g o i. 

Proposition 13. If M is a locally compact H aus dor ff space, then M(Cq(M)) = 
Cb{A4). Moreover, by the Gel'fand-Naimark theorem, Cb{M) is the unitalC*- 
algebra of continuous functions on some compact Hausdorff space, which corre- 
sponds to the Stone-Cech compactification of M, i.e. Cb(M) — C(f3Ai). 

A proof of this result can be found in (28|. If we consider the pre-C*- 
algebra Cg°(M), then M(C^{M)) =C£°(M) since the set of smooth functions 
vanishing at infinity forms an ideal for the set of bounded smooth functions but 
not for the continuous ones. 

The multiplier algebra M(Cq(M)) is a first possibility to extend the algebra 
to some causal functions, but only to functions with a decreasing rate of growth 
such that they remain bounded, which is not sufficient. We want to create an 
algebra containing unbounded functions but which can admit a representation 
as bounded operators on some Hilbert space. 

In order to answer this problem, one could wonder which algebraic structure, 
with a finite norm, can be given to the set C(M). Since continuous functions 
are locally integrable, we can use a structure defined for the space of locally 
integrable functions L\ oc (M). Such structure is provided by the theory of partial 
inner product spaces. We give here few elements of this theory. A complete 
introduction, including the topological aspects, can be found in [29(. 

Definition 14. A linear compatibility relation on a vector space V is a sym- 
metric binary relation /#<? which preserves linearity. For S C V, we can define 
the vector subspace S# = {g e V : gfff, V/e S} C V which respects the in- 
clusion property S C (>!?#). Vector subspaces such that S = (S 1 ^)^ are called 
assaying subspaces. 

The family of assaying subspaces forms a lattice with the inclusion order, 
and the meet and join operations given by Si A S2 = Si D S2 and 5i V ^2 = 
(S1+S2) . Usually, it is enough to consider only an indexed sublattice 
I = {S r :r£l} which covers V, with an involution defined on the index / 

by (S r f = S-. 

Definition 15. A partial inner product on (V, #) is a (possibly indefinite) 
Hermitian form ( • , • ) defined exactly on compatible pairs of vectors f^fg. A 
partial inner product space (PIP-space) is a vector space V equipped with a 
linear compatibility relation and a partial inner product. An indexed PIP-space 
is a PIP-space with a fixed generating involutive indexed sublattice of assaying 
subspaces. 

The space Ll oc (A4) is a PIP-space with the compatibility relation given by 

f#9 / \fg\ d ^g < 00 

J M 
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and the partial inner product 

(f,9) = / f*9 dftg- 

J M 

We can define an involutivc indexed sublattice of assaying subspaces by 
using weight functions. If, for r, r -1 G L 2 oc (M) with r a.e. positive Hermitian, 
we define the space L 2 (r) of measurable functions / such that ,/V -1 is square 
integrable, i.e. 

L 2 {r) = {/ G Ll oc (M) : ^ |/| 2 r- 2 d/i fl < ooj , 

then the family X— |i 2 (r)} r respects L\ oc = {J r .L 2 (r) and is a generating 
sublattice of assaying subspaces, with an involution defined by r = r~ x since 
L 2 (r)# = L^r- 1 ). 

Actually, we have a realization of this indexed PIP-space as a lattice of 
Hilbert spaces {H r } r where each H r = L 2 (r) is endowed with the positive defi- 
nite Hermitian inner product 

(f,g) r = I f*gr- 2 d^. 

JM 

In the following, we will denote such indexed PIP-space by H = {J r H r , with 
the center space Hq being the space of square integrable functions. 

The space Cb(M) is a unital C*-algebra which acts as bounded multiplica- 
tive operators on "Ho, with the operator norm corresponding to the supre- 
mum norm H/H^ = sup^g^ |/(x)|. We can wonder what happens if we make 
a similar modification to the suprcmum norm, by introducing a continuous 
weight function r. We denote the algebra of bounded continuous functions by 
Aq = Cb(M) — M (Cq(M)). We define the following lattice of spaces: 

A- = < f G C(M) : sup |/(ar) r^ 1 (x)\ < oo L • 
L xeM J 

Except for the center algebra Aq , each A r is a vector space which has not a 
structure of algebra. Instead, those spaces have a structure of partial *-algebra, 
which means that the product fg G A r is well defined only for a bilinear subset 
of ArjK A r - Actually, we have the filtration property fg G A r if / G A s and 
g G At, with r — st. Each A r is endowed with a norm || • || r = || • r" 1 ^ , where 

|| • Ho is the operator norm on Ao- In the same way as the lattice of Hilbert 
spaces, we define the algebra A = {J r A r which obviously corresponds to the 
algebra of continuous functions C{M) but endowed with filtration. 

It is trivial that A — \J r A r acts on the PIP-space % = \J r W r as multiplica- 
tive operators. Moreover, we have that each a G acts as a bounded operator 
a 

So we see that it is possible to consider C (A4 ) as a filtered algebra of bounded 
operators on some PIP-space, with a set of norms defined on the filtration. 
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However, we do not need the whole space C(M). Indeed, causal functions are 
only unbounded " in the direction of the time" , which means that we do not 
really need functions which are growing indefinitely on spacelike surfaces. So 
we propose the following idea: the set of weight functions can be restricted in 
order that the filtered algebra A = \J r A r contains some functions which are 
growing indefinitely only along causal curves. In that way, the chosen set of 
weight functions will determine a constraint on causality. A typical way is to 
restrict C(A4) to the functions which satisfy a growth condition along causal 
curves. 

From now, we will suppose that M is a globally hyperbolic Lorentzian man- 
ifold admitting a spin structure. Since M. is glob ally hyperbolic, M. admits at 
least a Cauchy temporal function T [13, l3ll |32| , which is a smooth function 
strictly increasing along each future-directed causal curve, with past-directed 
timelike gradient everywhere and such that level sets are Cauchy surfaces. 

Then we construct the following algebra: 

• Ao — M(C X (M)) is the unital pre-C*-algebra of smooth bounded func- 
tions on Ai 



• A 



{f€C°°(M): S up xeM \f(x) (l + 7» 2 ) 2 | < ^} 



• A = LLeR-^a is the unital filtered algebra of smooth functions on M. of 
polynomial growth which are bounded on each Cauchy surface T~ 1 (x) 1 
x € M. 

This filtered algebra has a large number of interesting properties, easily 
derived from the definition: 

• Each set A a is simply generated from An by / G A a if and only if 

/ (l + T{x) 2 Y e Ao 



Each set A a is endowed with a norm || • || Q = • (l + T(x) 2 ) 2 

|| • || is the norm on Ao 

We have the filtration property 

ab e A a <^=^ 3 /3, 7 e R : a = /3 + 7 , aeAp, b e Ay 



where 



• T € A, and more precisely T € A-i 

• All smooth causal functions with polynomial growth are included in the 
algebra A 

• All a.e. differentiable causal functions with polynomial growth are in the 

closure algebra A = LbeR-^; where the closure is taken in each subset 
with respect to each norm || • || Q . 
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Of course, the polynomial growth is just a particular choice. For example, 
one can define a similar filtered algebra with causal functions of exponential 
growth by taking a weight function like e a ' r ', a G R. The choice of the cen- 
ter unitization is also arbitrary since Ao can be replaced by another suitable 
unitization of Ao if we want a smaller unitization than the multiplier algebra. 

Now we can remember that the pre-C*-algebra Ao = C£°(M), as well as 
its unitization Ao = M(Cfi°(A4)), act as multiplicative bounded operators on 
the Hilbcrt space Ho = L 2 (M , S) of square integrable spinor sections over M . 
From that, we can construct the indexed PIP -space 1~L — LJa£R^ Q ^ spinor 
sections over Ai which are square integrable under the weighted norm, and on 
which A = Uqgr "4a ac ts as a family of bounded operators. 

Such space corresponds to a scale of Hilbert spaces generated by the self- 
adjoint operator (l + T 2 ) 2 > 1. Indeed, T : Dom (T) — > Ho is an unbounded 
self-adjoint operator acting on Ho = L 2 (Ai, S) with domain Dom (T) C Ho, and 

(l + T 2 ) 2 is an unbounded positive self- adjoint operator with similar domain 
Dom (T) = Dom ^(l + T 2 ) 2 ^ . We can define the following Hilbert spaces: 

n n 

H n = p| Dom^l + T 2 ) 2 ) - p| Dom(T fe ) Vra G N. 

fc=0 fe=0 

The conjugate spaces T-Ln =H- n , n G N are just the topological duals of the 
spaces % n (properly speaking, there are the identifications of the topological 
duals under the Hermitian inner product on Ho)- Then we have the discrete 
scale of Hilbert spaces: 

f] H n c • • • c n 2 c U x c Uo c H-i c H-2 c • • • c (J H n = H. 

riGZ nGZ 

By interpolation theory, this discrete scale can be extended to a continuous 
scale {W a } aeR (but the discrete scale is sufficient). Each H a is endowed with 
the positive definite Hermitian inner product 

(ip,0) a = U,(i+T 2 ) a A =[ r<P(i+r 2 ) a d,v 

v 7 Jm 

Then A = [J aeR A a acts as a family of bounded multiplicative operators on 
% = LLeR^" w ^ tn a : ^ a ~^ Ha+p if a G Ap and for each a G M. The norm 
|| • ||^ on a G Ap corresponds to the operator norm on 7i a — > V. a +p and it is 
independent of the chosen H a . We will give the proof of this property later in 
the general case (including noncommutative extension). 

So in our construction we have three elements Ao,Ho,T which generate 
a unital filtered algebra A = U Q eR^ Q ac ting on an indexed PIP-space W = 
U QgR 'H a , where the index a can also be restricted to Z. 

The only thing which is missing in order to have a generalized construction 
of a commutative spectral triple is a Dirac operator D. The Dirac operator 
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D = —i(co V s ) acts as an unbounded operator on Ho with dense domain, and 
we can consider its extension to the PIP-space H. The Dirac operator respects 
the following known property 

Va £ A, [D, a] = —i c(da). 

One could think, as it is sometimes wrongly admitted in the literature, that 
the condition that [D, a) is bounded for each a £ C^{M.) is still valid. However, 
this is not the case for noncompact manifolds since there exist some functions 
vanishing at infinity whose derivatives are unbounded (as example, we have the 
functions decreasing at infinity with infinite oscillations of increasing frequency). 
If we want to conserve this property, we need to restrict the pre-C*-algebra Ao 
and its unitization Ao to functions respecting the condition of boundedness of 
the commutator [D,a\. Typically, this can be done by restricting Aq and Ao 
to functions of bounded derivatives (as e.g. Schwartz space). Those algebras 
are not necessarily dense in the previous ones, but their still fit our goal since 
causal functions with polynomial growth have obviously bounded derivatives. 

By the Proposition if there exists a spacelike reflection r on X such 
that the Riemannian metric g r associated is complete, then D is essentially 
Krein-self-adjoint. This condition is trivial for compact manifolds, but not for 
noncompact ones. Nevertheless, this is not a so strong condition to work with 
Lorentzian manifolds which are complete for an associated Riemannian metric, 
which implies that every Cauchy surface must be complete and that every inex- 
tendible geodesic is complete. When it is not the case, the result still holds for 
a restriction on a complete subspace. Some characterizations of completeness 
for globally hyperbolic Lorentzian manifolds can be found in [33j . 

Now we arrive at the last ingredient of our construction. We can suppose 
that we have a Dirac operator D which is Krein-self-adjoint for a Krein space 
obtained by a modification of the PIP-space H under a fundamental symmetry 
(which is not necessarily unique, but every fundamental symmetry is sufficient 
to characterize the Krein space). Since M. is globally hyperbolic, T is a smooth 
time function with past-directed timelike gradient everywhere whose level sets 
are smooth Cauchy surfaces. So the Lorentzian metric admits a globally defined 
orthogonall splitting 

9 = -dT 2 + gr, 



where gj- is a Riemannian metric on each level set Sj- 30, 31, 32]. This splitting 
on the metric induces a splitting on the tangent (and the cotangent) bundle 
TM = TM- © TM+, where the subbundle TM- has a one dimensional fiber 
generated by the gradient VT. So the temporal function T defines a spacelike 
reflection, with the associated Riemannian metric being g r = dT 2 + gj-. Since 
VT is a generating element of TM.-, dT is a generating element of TM*_. 



2 More precisely, the splitting g = —dT 2 + gj- is orthogonal in the general case, and an 
equivalent orthonormal splitting can be obtained with a conformal transformation on the 
metric. So the result is valid for the equivalence classes under conformal invariance. 
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From the Proposition O we know that each spacelike reflection generates a 
fundamental symmetry J defined from the Clifford action c on a local oriented 
orthonormal basis {e} of TM*_ by J = ic(e). Since {dT} is an orthonormal 
basis of TM*_, we have that 



is a fundamental symmetry, and if the manifold Ai is complete under the metric 
g r = dT 2 + 3T; then D is Krein-self-adjoint for the Krein space defined by J , 
which is equivalent to the fact that DJ (or JD) is a self-adjoint operator in H. 
Then, since we have [D, a] — —i c(da) Vet S A, we can conclude that 



is a fundamental symmetry of the Krein space. The condition on the Krein- 
self-adjointness of D becomes a condition on the self-adjointness of D[D,T] or 
equivalently [D,T]D on the PIP-space H. 



The particular construction of this fundamental symmetry forces the Dirac 
operator to correspond to a metric with Lorentzian signature, since its self- 
adjointness is recovered by the multiplication by a single Dirac matrix. So 
we have now enough elements to propose a generalization of the notion of 
pseudo-Riemannian spectral triple, with a guaranty on the Lorentzian signa- 
ture. Moreover, by introducing the extension to PIP-spaces, we can create a 
filtered algebra, with a set of norms defined on it, which contains causal or tem- 
poral functions. In particular, the temporal function T giving the fundamental 
symmetry is an element of this filtered algebra. 

The following definition is a proposition of generalization of this construction 
to noncommutative algebras. Of course we need to impose some conditions 
on the commutation between particular elements in order to conserve similar 
properties, and we will explain our choices in the following. This definition is 
presented as a working basis, since we do not know at this time which exact 
conditions must be imposed in order to properly define Lorentzian spectral 
triples. 

Definition 16. A Temporal Lorentzian Spectral Triple (Aq, Aq,Hq, D,T) is 
the data of: 

• A Hilbert space T-Lq with positive definite inner product ( • , • )o 

• A nonunital pre-C*-algebra Aq with a representation as bounded multi- 
plicative operators on Hq with operator norm || • || 

• A preferred unitization Aq of Aq with a representation as bounded multi- 
plicative operators on 1-Lq with the same norm || • |L 

• An unbounded self-adjoint operator T on Hq with domain Dom(T) C T-Lq 
such that (l + T 2 ) 2 € Aq and commutes with all elements in Aq 



J = ic(dT) = ij' 



o 



J 



[D, T] or equivalently J = [£>, T] 
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— T generates a filtered algebra A = U«ez An by: 

a G A n +i if and only if (l + T 2 ) 2 a G -4„, 

with a norm || • \\ n = ||(1 + T 2 )^ • || defined on each A n - 

— A has a representation as a family of bounded multiplicative opera- 
tors on the indexed PIP-space: 

n 

H = (J H n with H n = p| Dom(T fe ) Vn > 

nGZ fe=0 

and "H_„ = Hw the conjugate dual of H n 

with a : "H„ — > Hn+m if a € -4 TO an d with a positive definite inner 
product ( • , •)„ = (•, (l + T 2 ) • )o defined on each W n . 

• An unbounded operator D densely defined on "H such that: 

— all commutators [D,a] are bounded for every a G Ao 

i ~ 

— [D, (l + T 2 ) 2 ] commutes with all elements in A 

— D[D,T^ is a self-adjoint operator in % 

— J = [D,T] defines a Krein space structure for "H, with J* = J and 
J 2 = 1 

We have a definition for the summability: 

Definition 17. A temporal Lorentzian spectral triple („4o> *4o, "Ho, A T) is n+- 
summablc if there exists a positive integer n such that a Af" G £ 1+ for all 
a ^ Aq, where 

& T = (i + [ D f T y 

with 

[D} 2 T = 1 (£>[£>, 7]D[D,T] + [AT]£>[AT]D) . 

Let us add some comments et precisions about the definition of temporal 
Lorentzian spectral triples. 

The element T G A is the temporal element of the temporal Lorentzian 
spectral triple. It represents a notion of global time for the spectral triple. Of 
course this time is global and not local, and so it is not sufficient to determine 
the causality by itself. We can notice that the whole definition is invariant 
under the modification T — > — T which simply corresponds to a choice of time 
orientation. The choice of a particular temporal element is equivalent to the 
choice of a particular "3+1" decomposition (or in the general particular 
"(n-l)+l" decomposition) of a globally hyperbolic Lorentzian manifold. 

The condition that J — [D, 7~] determines a Krein space, with D being a 
Krein-self-adjoint operator for this Krein space, is extremely important. Indeed, 
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this is the only indication that the spectral triple corresponds to a Lorentzian 
geometry, with signature (n — 1, 1). If we remove this condition, we simply 
have a pseudo-Riemannian spectral triple with an extension of the algebra to 
a larger class of functions. This condition can also be written as J = — [D,T], 
J = i[D,T] or J = —i[D,T] (with for the last two cases the condition that 
iD[D,T] is a self-adjoint operator). As we have already said, the addition of 
a minus sign corresponds to a change of time orientation, which is similar to a 
change of sign in the Krein inner product. The addition of a i factor corresponds 
to a change in the Hermicity conditions of the Clifford representation, so is simi- 
lar to a switch from a signature (— , +,+,+,...) to a signature (+, ). 

To the five elements Ao, Ao, Ho, D and T, a sixth one is still missing if we 
want to create a spectral triple with a notion of causality. The additional element 
should be a cone defined among the Hermitian elements of A and representing a 
set of causal, time or temporal functions which should be sufficient to determine 
the causality. We can expect that such cone would have a definition in a similar 
form than in 

One could add to the definition of temporal Lorentzian spectral triples a 
real condition and an even condition, with the introduction of a Z2-grading 7 
and an antilinear isometry J respecting suitable commutative conditions with 
the other elements. Conditions could also be added concerning the smoothness 
of the Dirac operator (as in [3), which we have not included here. More- 
over, further conditions must certainly be added in order to guarantee a unique 
correspondence between commutative temporal Lorentzian spectral triples and 
(equivalence classes of) complete globally hyperbolic Lorentzian manifolds. In 
particular, several temporal elements should correspond to the same Lorentzian 
manifold, but with a different decomposition. 

The filtration property 

a £ A m , b £ A n => ab £ A m+n and ba £ A m+n 

is still valid in the noncommutative case, since we have that (l -I- T 2 ) 2 com- 
mutes with all elements in A for each n £ Z. Indeed, A is generated by multiple 

applications of (l + T 2 ) 2 or (l + T 2 ) 2 on Ao, and if a £ Ao we have already 

_ 1 1 
the condition [(l + T 2 ) 2 , a] = 0, which implies [(l + T 2 ) 2 , a] = by multi- 

1 

plication on both sides by (1 + T 2 ) 2 . 

We can note that the index can be extended to a continuous scale \ A a > , 

{^"laei by usm g interpolation theory with the operator (l + T 2 ) 2 . 

Among the subspaces of partial algebras A n , only _4o is a pre-Banach al- 
gebra. Indeed, for a £ A m and b £ A n , ab £ A m + n respects the relation 
ll a ^llm+n — ll a llm IWIn' tne same wa -Y: the C*-algebra condition looks like 

ll a *«ll 2 n = IMIn- 

The norm || • \\ n = 11(1 +T 2 )^ • II for A n is the operator norm. Indeed, if 
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we consider a € A m as an operator a : TA. n — > r H, n j rm for some n £ Z, then: 

.. .. {acP,a<P) n+m (a<t>, (l + T 2 ) n+m a cf>) 
H a op = SU P 7T- n = SU P n , T 2\"i\ 

((i + r 2 )^a (i + t 2 )^ , (i + r 2 )^a (i + r 2 )^) 

— SU P / n n \ 

f (1 + T 2 )~ , (1 + T 2 )" 0J 

((l + T 2 ) 2 ^, (l + T 2 )^) 

= ||(1 + T 2 )^a|| = ||a|| m 

where we use the facts that (l + T 2 ) 5 and g commute with each other and that 

(l + T 2 )^ is self-adjoint. The result is clearly independent of the chosen W n . 

i ~ 
The condition that [D, (l + T 2 ) 2 ] commutes with all elements in .A is equiv- 
alent to the fact that, for all a £ A, [D, a] commutes with (l + T 2 ) 2 . Indeed, 
by using the fact that (l + T 2 ) 2 commutes with g: 

[I>, (1 + 7*)*] a- a [A (1 + 7*)*] 
= I?(l + r 2 )^g- (l + T 2 )^I?g 

-g^(l+T 2 )^ +g(i + r 2 )^ 

= Da(l + T 2 Y -{l+T 2 Y Da 

-aD (1 + T 2 ) 2 " + (l + T 2 )^gD 

= [D, a] (1 + T 2 ) 4 -(1 + T 2 ) 4 [A a]. 

Then, by a reasoning similar to above, the operator norm of [D, a] is independent 
of the chosen H n . 

4. The degenerate Moyal Minkowski spacetime 

Commutative temporal Lorentzian spectral triples can easily be constructed 
by using the construction presented in the previous section from any suitable 
globally hyperbolic Lorentzian manifold. One can wonder however if noncom- 
mutative examples can explicitly be constructed. In this last section we answer 
the problem by showing that a Minkowski spacetime endowed with a degenerate 
Moyal product is a noncomutative temporal Lorentzian spectral triple. 

The construction of spectral triples based on Euclidean Moyal planes has 
already been studied extensively in Q- The algebra A is chosen as the space 
6>(K") of Schwartz functions, which are smooth functions / £ C§°(M. n ) rapidly 
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decreasing at infinity together with all derivatives. The product on 6>(R n ) is 
defined by the Moyal product: 

(/ * h)(x) = -i- J Jf(x- ±Bu) h(x + v) e-™- v d n u d n v 

where is a real skewsymmetric n x n constant matrix. This product can be 
extended to the space and there is a representation of A on the 

space of square integrable spinors L 2 (M. n ) ® C 2L ' 1 as a multiple of the left 
regular action 

tt(/)V = (£(/) ® = /*V>- 

A is a nonunital involutive Frechet algebra, and if equipped with the operator 
norm 

ii I, l|a* fo ll 2 

h£L2(R") : 6^0 l|0|| 2 

A becomes a nonunital pre-C*-algebra. The pre-C*-algebra A = {S(R n ),-k}, 
the Hilbert space U = L 2 (R n ) ® C 2l " /2> and the Dirac operator D = -id^ ® 7^ 
define a Euclidean noncompact spectral triple of spectral dimension n. 

We construct the Moyal Minkowski spacetime in a similar way. We work 
with the space R 1 '™ -1 , and the Moyal * product is defined on the space of 
Schwartz functions S = l S(R 1 '"" 1 ) and extended to L 2 (R 1 ' n_1 ). We define 
the nonunital pre-C*-algebra A® = (<S,*) acting on the Hilbert space Hq — 
L 2 (M 1 ' n ~ 1 ) (g) C 2L J . We must choose a suitable unitization A for the temporal 
Lorentzian spectral triple. A first choice could be the Moyal multiplier algebra: 

M(A) = {T e S' : T * h G S and h*T G 5 for all /i G 5} 

where 5' = ^'(M 1 '" -1 ) is the dual space of tempered distributions. Coordi- 
nates functions x°, x 1 , . . . x 71 ^ 1 belong to this space, and respect the following 
commutation relations with the star product: 

[x fl ,x u ] = x» * x v - x v ★ x" = i 9^1. 

However, this unitization cannot be chosen since some elements in M(A) are 
unbounded. Instead we choose the sub-algebra A = (£>, *) C M (A) of smooth 
functions which are bounded together with all derivatives. A = (B, *) is a 
unital Frechet pre-C*-algebra 0] that contains A as an ideal. To complete the 
temporal Lorentzian spectral triple, we choose the temporal element T — x a as 
the first coordinate function and the usual Dirac operator D = —id^ ® 7^. 
Now we want to check that the triple 

{A ,A ,n ,D,T) = 

((5(R 1 ' B - 1 ),*) J (B(]R 1 ' n - 1 ) > *) ,i 2 (M 1 '"- 1 )®C 2L " /2J ,- i 9 M ®7^,x ) 
respects the chosen axioms for a temporal Lorentzian spectral triple. 
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• Ho = L 2 (M 1 ' n - 1 ) (g) C 2 is a Hilbert space with positive definite inner 
product denned by the usual inner product on spinors (i/>, 4>)o = / ip*4> d[i g . 

• Aq = (<S(R ,n-1 ), *) is a nonunital pre-C*-algebra with a representation 
7r(/) = £(/) £S> 1 as bounded multiplicative operators on Hq with the norm 

II -110=11 -Hop- 

• Aq = (£>(IR 1 ' ,l ~ 1 ), *) is a preferred unitization of Aq with the same repre- 
sentation 7r on Ho and with the same operator norm || • || Q . 

• T — x° acts as an unbounded self-adjoint operator on Ho with dense 
domain, (l + T 2 ) 2 = , 1 is bounded on all R 1,,l_1 with bounded 

derivatives, so belongs to Ao- 

The last property is more annoying, since we want that ~7|=^ ^ 2 ( or 

equivalently <Jl + (x ) 2 ) commutes with all elements in Ao in order to 
properly generate the filtration. This is not true in the general case! 
Indeed, if the 9 matrix is nondegenetate (we can notice that this can only 
append for an even dimension), then the center of the algebra is trivial 
and consists on the set of constant functions Z(Aq) = C. So if the Moyal 
product is nondegenetate, there is no way to find a nonconstant element 
belonging to the center of the algebra. 

In order to find such commuting element, we need to impose some con- 
straints on the degeneration of the matrix: 

q(V = qpO = o for all ^ = 0, . . . , n - 1. 

In this case, the element T — x° commutes with every other coordinates, 
so commutes with every element in Aq, and by expansion its smooth in- 
verse ~^=^ ^ 2 also commutes. The noncommutativity relations [a;' 1 , x v ] — 

i9 Ml/ l can still exist for fi, v > 0, so the space remains noncommutative, 
event if at least one coordinate must commute with the others. Then the 
filtered algebra A — U«ez anc ^ * ne indexed PIP-space H = Unez ^™ 
can be generated from the unbounded commutative self-adjoint operator 

• D = —id^ ® 7 M is clearly an unbounded operator densely defined on H. 
The property that [D, a] acts as a multiplicative operator D{a) = —ic(da) 
is still valid in the nonunital case Q, so [D,a] is bounded for every a G 
Ao 0. The property that [D, ^/T+ (x ) 2 ] commutes with all elements in 



3 For the Moyal plane, since Schwartz functions have derivatives decreasing more rapidly 
than polynomials, by using the Leibniz rule we can extend the property of boundedness of 
[D, a] to every function of the form a = (l + (x ) 2 ) 2 ao for any n and ao 6 A-0- However 
there is no guarantee for elements of the filtered algebra generated from _4o instead of Aq. 
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a 6 A follows from the degeneration of the Moyal product. Indeed, it is 
equivalent to the fact that [D, a] commutes with a/1 + (a; ) 2 which is true 
since [-D,a] acts as a simple multiplicative operator and y/l + (x ) 2 only 
depends on the commutative coordinate x°. 

From J = [D,x°] = —ic(dx°) — —17°, the Krein space conditions can 
easily be checked: 

J*=J (7°)* = -7° 

J 2 = l (7°) 2 = -l 

and the Krein-self-adjointness of the Dirac operator by: 

JDJ = D* 7V7 = (y )* for n = 0, 1, 2, 3 

„=> ( 7 °) 2 / = (/)* and - ( 7 ) 2 7^ = ( 7 ")* for M = 1, 2, 3. 

So there is a way to defined an example of a noncommutative Lorentzian 
space with a structure of temporal Lorentzian spectral triple. We saw that 
our axioms imposes that the temporal element representing a global time needs 
to be commutative. This can lead to an interesting questioning on the possi- 
bility and the physical consistency of having a noncommutative time instead 
of a commutative one. However, there is no real need of a noncommutative 
time. Indeed, if we look to Connes' noncommutative standard model coupled 
to gravity, noncommutativity is only present on one side of the spectral triple 
corresponding to gauge theories. The continuous part, representing space and 
time, remains commutative. So our approach is consistent with this model. 



5. Outlook 

We defined a set of axioms for temporal Lorentzian spectral triples which 
represent a noncommutative generalization of globally hyperbolic Lorentzian 
spaces with a chosen "3+1" decomposition. Those axioms are subject to further 
development. In particular, the question of the smoothness of the Dirac operator 
(or more precisely of its elliptic modification A j) could be taken into account. It 
could also be interesting to wonder which temporal elements T generate a similar 
Lorentzian manifold, and in this case to define a set of axioms for Lorentzian 
spectral triples which should be independent of the choice of a temporal element. 

Temporal Lorentzian spectral triples give a good background to develop a 
translation of the notion of causality in noncommutative geometry since its 
algebra contains causal functions. This construction is actually a first step in 
order to combine the causal approach from V. Morctti, F. Besnard and N. Franco 



22 . 24 , |25| to the Krein space approach from A. Strohmaier and M. Paschke 

We can notice that the temporal element T translates a part of the informa- 
tion about causality. Indeed, if we take two points p and q on the manifold, then 
p < q only if Tp < Tq, which can be generalized to the space of states by £ -< rj 
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only if £(T) < r](T) for £, 77 € A(^4o). However, the condition is not sufficient 
and works still need to be done in order to have a complete characterization of 
causality in noncommutative geometry. 
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